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Questions 1-3

1. What is the value of 5

X X
f In(1+ %) dr — —
0 3

L
(A) %
(B) —é
© —1—10
(D) —é
(E) %

2. For which real value of a does the system

L Q =
Q = Q
— Q Q

have infinitely many solutions?
(A) 1
(B)0
1
Q) -
© 3

1
D) -3

(B) -1

3. One of two coins is selected with equal probability. The probabilities of heads are 1/3 for the first coin and
2/3 for the second. The selected coin is tossed repeatedly, independently conditional on its identity. Given
that exactly two of the first three tosses are heads, what is the probability that the fourth toss is heads?

2
(A) 3

—~ ~ a
g o =
Ol B o — Ol - O]

=
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Questions 4-6

4. The value of
/1 arctan x J
——dx
0 (1+X)2

m In2
D) - - —
()4 2

7 In2

®5-7

5. Let
D={(xy):x>0y>0, 1<x’>-y?><3,0<2xy<4}.

What is // (2 + y2) dr dy?
D

(A)8
(B) 16
©1
D)2
(E) 4

6. Let

—_ O = =

What is mir% |Av — b||*, where || - || is the Euclidean norm?
veR:

~ a —~
c =z 2z
WD oo NN | k|

E

B2
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Questions 7-9

7. For f(x) = In(1 +x + x2), what is £(© (0)?

(A) 720
(B) 240
(©) 120
(D) —120
(E) —240

8. Let f;, : [0,1] — R satisfy
| fn(x) = fu)]| < |x =y forall x,y € [0, 1] and all n.

Suppose f,(r) — 0 for every rational r € [0, 1]. Which statements must be true?

I. f, — 0 uniformly on [0, 1].
1
II. / | fu(x)] dx — 0.
0

III. Z Jfn(1/2) converges.
n=1

(A) II and III only
(B) II only

(C) I only

(D) I and 1I only
(BE) I, II, and IIT

9. Let f : R — R be twice continuously differentiable and satisfy

Fxx(0,2) + f1,(0,2) = 3.

Define u(s,t) = f(s* — 12, 2st). What is uss(1, 1) + 1z (1,1)?

(A) 24
(B) 18
(©) 12
(D)6

(E) 48
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Questions 10-12

10. Let y solve

x2

vy +2xy =xe ¥, y(0) = 1.
What is y(1)?
e

(A) 3

1
B) -
e

2
©) -
e

1
D) 5~

3
(E) 52

11. In the symmetric group Sg, let
oc=(123)(456).

How many permutations 7 € Sq satisfy o = o7?

(A) 18
(B) 36
©) 12
(D)6
E)9

12. How many permutations of {1,2,...,7} have exactly two fixed points?

(A) 840
(B) 1260
(C) 924

(D) 1008
(E) 1050
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Questions 13-15

13. Let f : R — R be defined by f(x) = x> + x, and let g = f~'. What is
2
JRCEIRCE

3
A) —
( )5

7
B) —
( )15

14
(C)B

5
D) —
( )4

2

(E) 3

14. Smooth functions u = u(x, y) and v = v(x, y) are defined near (2, 2) by

2 2

u+v-=ux, u +v=y, u(2,2) =v(2,2) =1.

What is @(2, 2) + @(2, 2)?
ox 0y

A
(A) 3

2
(B) -3

<2

D) -+
(D) -3

2
(E) 3

15. A real 5 X 5 matrix A has characteristic polynomial and minimal polynomial

pa) = (=21 + 1% mat) = (-2t +1),

respectively. What is rank(A — 215)?

(A)3
(B)5
(OF.
(D)2
E)1
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Questions 16-18

16. Independent random variables X, Y each have density e for x > 0, and zero otherwise. What is

X 1
IP(X+Y<§‘X+Y>2)?
(A)e™?

Bl
B) 7

17. For real parameters p and g, consider
/1 [In(1 + x)]P
- dx
0o x¥2(1-x)4
Which condition is necessary and sufficient for this improper integral to converge?

1
A)p>-3.g9<1

1
B)p>3, q<l
1
©prz5.q<1

1
D)yp<3.g>1

1
E)p>7.q<1

18. Nonnegative real numbers x, y, z satisfy
x+2y+z=4.

What is the maximum possible value of xyz2?

(A)8
B)1
<2

16
D) 5=
(E) 4
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Questions 19-21

19. Let V be the real vector space of all polynomials p of degree at most 7 that satisfy

p(l —x) = p(x) foreveryreal x,

What is dim V?

(A)2
(B) 4
O1
D)3
(E)5

20. Under the transformation

what is the image of {z € C: |z] < 1, Imz > 0}?

(A){w
®B) {w

:Rew >0, Imw < 0}
:Rew <0, Imw < 0}
©) {w:
D) {w:
E) {w:

Rew <0, Imw > 0}
Rew > 0, Imw > 0}
lw| < 1, Imw > 0}

p(0) =p(%) =0.

21. For each t > 0, the tangent line to y = x 2 at (¢,~2) meets the positive coordinate axes at points A; and B;.

What is the minimum possible length of the segment A; B;?

3V6
N

3V3
%

(C) V6
(D)3

3V2
® =
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Questions 22-24

22. What is the value of

(A) 2671/2—2
(B) 282771'/2
(C) e7r/2—2
(D) zen/4—1
(E) en’/Z—l

23. Let G be a group of order 99. Which statements must be true?

I. G is abelian.
II. G is cyclic.
III. G has an element of order 33.
(A) I 11, and III
(B) IT and 1T only
(C) I only
(D) I only
(E) I and III only

24, Let f,g : [0,1] — R be bounded functions that differ at at most countably many points. Suppose f is
Riemann integrable. Which statements must be true?

I. g is Riemann integrable.

1 1
II. If g is Riemann integrable, then / g = / f.
0 0
III. |g|is Riemann integrable.

(A) I and II only
(B) I only

(O) I, 11, and III
(D) II only

(E) I and IIT only
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Questions 25-27

25. Let y solve

’ 1
¥y =y(l—-y)cosx, y(0) = 3

What is y(x/2)?

1

e+2
e

e+1
2e

2e + 1
e

e+2

(A)

(B)
©)

D)

(E)

e+2

26. For every continuous function f : R?> — R, which expression equals

1 2—x
/ Flr.y) dydx?
0 x2

1 py? 2 p2-y

(A) / / f(x,y)dxdy + / f(x,y)dxdy
0 0 1 0
2 VY

B) /0 /O F.y)dudy

1,y 2 1
© / / Flx,y) dxdy + / F(x.y) dx dy
0 0 2-y

1

1 2-y 2 2-y
D) / / Fle.y) dedy + / F(x.y) dx dy
0 Jy2 1 Jo

1,y 2 p2-y
E) /O /O Fx.y) drdy + /1 [ ey axay

27. Consider the quadratic form
q(x,v,2) = x% +4xy + 2y* + 6yz + 42>,
After an invertible real linear change of variables makes g diagonal, what are the numbers of positive and
negative diagonal coeflicients, respectively?

(A)(1,2)
B) (1, 1)
(© (3,0)
D) (2,1)
(B) (2,0)
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Questions 28-30

28. Letn > 2 and 6 > 0. Suppose Xi, ..

., X, are independent and uniformly distributed on [0, 6]. Define

M = max(Xy,...,X,),

What is E[(T - 6)?]?

nb?
(n+1)*(n+2)
92
(n+1)(n+2)
92
(€) n(n + 2)
92

n2

(A)
(B)

(D)
02
(E) n(n+1)

29. What is the sum of the series

3
A)2-3InZ
(A) na

3 1
(B)ln§—§

3
C)1-2In=
© nz

3
D)2In=
(D) 2In >

3
E)l-In=
(E) nz

30. A solid of uniform density occupies

Q={(x,y,2) x> +y +2° <4, 2> 1}.

(o8]

n=1

What is the z-coordinate of its center of mass?

7

(A) 3
27

B) 55
9

©3
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Questions 31-33
31. How many ideals, including the zero ideal and the whole ring, does
R =Fs[x]/ (x*(x - 1)?)

have?
(A) 18
(B) 8
©) 12
(D) 10
(E)6

32. A lattice path from (0, 0) to (5, 4) consists only of steps (1,0) and (0, 1). How many such paths never pass
above the line y = x?

(A) 42
(B) 84
(©) 28
(D) 126
(E) 14

33. Define
xy3

Flx,y) =4 x2+y2’ (x,y) # (0,0),
0, (x,y) = (0,0).

o (0f o (0f
(@(a—x) (0.0, a—x(a)“’m)"’

What is the ordered pair

(A) (0,1)
®) (-1,1)
(© (0,0)
(D) (1,0
E) (1,1
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Questions 34-36

34. For a > 0, define

What is F"’(1)?
w7 -1
1
1

35. A real 6 X 6 matrix A satisfies

What is det(/g + A)?
(A) -8
(B)38
©4
(D) 16
E)O

1
F(a) = '/0 In(1 + ax?) dx.

ATA = I, AT = —A.

36. Let (a,) be a sequence of real numbers such that 3" | a,, converges. Which statements must be true?

(o)
an
L Z — converges.
n
n=1

2
a, converges.

oy
n=1
X lan|

II1. —— converges.

(A) I only

(B) I, II, and III

(C) 1T only

(D) I and 1I only

(E) I and III only
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Questions 37-39

37. Let y1, y2 be solutions of
v/ +2xy +(1+x%)y=0

with y1(0) = 1, y7(0) = 0, y2(0) = 0, and y/(0) = 1. What is

o (y1(1) yz(l)) )
Yy yi(1)
(A1
(B) e~
©)e”!
(D) e
(E) 0

38. For exactly which real values of x does the series
i (x+1
o n3n
converge?

(A) [-1 -3, -1+ 3]
(B) (-1 - V3, =1 + V3]
(©) [-1=V3, -1 +3)
D) (-1 -3, -1 +3)
(E) (-V3, V3)

39. What is the smallest positive integer k such that

2¥=1 (mod 77)?
(A) 15
(B) 10
(C) 30
(D) 60
(E)5
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Questions 40-42

40. A fair coin is tossed six times independently. Let N be the number of indices i € {1,2,3,4,5} for which
both toss i and toss i + 1 are heads. What is Var(N)?

23
(A) 7¢

25
B) ¢

5
© 7

15
D) 7¢

19
(E) 16

41. Let S be the sphere x> + y? + z> = 4, with outward unit normal n. If

what is //F-ndS?
S

1927
A) —/——
(A) —

384n
(B) 5
(C) 64r
1287
(D) 5
(E) 967

F(x,y,2) = (x°,y%,2%),

42. Let f be twice continuously differentiable on [0, 1], with

fO=fm=0 f(4=1

Which value must f”’(c) equal for at least one ¢ € (0, 1)?
(A) -16
(B) -8
©38
D)0
(E) -4
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Questions 43-45

43. Let F be a field with 64 elements. How many elements a € F satisfy

a®=a?

(A)2
(B) 1
€38
(D) 16
(E) 4

44. Let X be a compact topological space, let Y be Hausdorff, and let f : X — Y be a continuous surjection.
Which statements must be true?

I. f maps closed subsets of X to closed subsets of Y.
IL. f~'({y}) is compact for each y € Y.
III. f maps open subsets of X to open subsets of Y.

(A) I 11, and 111
(B) Iand II only
(C) I and IIT only
(D) I only

(E) I only

45. Let C be the triangular path traversed in the order
(1,0,0) — (0,2,0) — (0,0,3) — (1,0,0).
What is j{ (22 dx +x* dy + y* dz)?
c

23
(A) —=

26
B) =
13
© =5
23
D) =

17
(E) =
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Questions 46-48

46. What is the arc length of the curve

21‘3
r(t)=(t, ’Z)’ 0<r<2?
8
A_
()3
10
B_
()3
©4
14
D_
()3
(E) 2V3
47. Let
21 0
A=10 2 1
0 0 2

What is the entry in row 1, column 3 of A%?

(A) 480
(B) 320
(C) 192
(D) 160
(E) 240

48. A finite connected simple graph is embedded in the plane so that the boundary of every face, including the
unbounded face, is a triangle. Every vertex has degree 5 or 6. How many vertices have degree 57

(A) 10
(B)6
©8
(D) 14
(B) 12

zarimion.com/gre | GRE Mathematics | Test 03 17 / 24


https://zarimion.com/gre/

GRE MATHEMATICS | PRACTICE TEST 03 ADVANCED PRACTICE

Questions 49-51

49. The arc
V3
y=x7, OS)CS?,

is rotated through one complete revolution about the y-axis. What is the area of the surface generated by the
arc?

(A) %ﬂ
(B) 7?”
© %ﬂ
D) %ﬂ

Tr
(E) D

50. Let D = {(x,y) : x> + 4y? < 4}. What is

1
——dxdy?
././Dl+x2+4y2 * &y

(A) glnS

big
(B) §1n2
(O mln5
(D) nln2

(E) %ms

51. Which is the minimal polynomial over Q of V2 + V5?

(A)t* =107 +9
(B) t* — 141> + 49
(C)1* - 141> +9
D) t* 7> +3
(E) t* — 141> -9
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Questions 52-54

52. For h # 0, define

R, -1
What is lim ———9
h—0 ht

1
(A) 725

B 1
B) -7

1
© 30

D) -
P20

E 1
B -3

53. Let y solve
X2y —xy +2y =0, x>0, y(1) =0, y'(1)=1.

What is y(e”/?)?
(A) e™/?
(B)0
(C) e—7r/2

(D) gen/Z

(E) —e™/?

54. What is the minimum Euclidean distance between a point on the paraboloid
z=x*+y?

and a point on the plane z = 2x + 2y — 3?
(A)1
2
(B) g
2
© 3
1
(D) i
1

(E) 3
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Questions 55-57
55. Let ry, 2, r3 be the roots, counted with multiplicity, of
P -3t+1=0.
What is r? + rg + rg?

(A) 63

(B) 57

(C) 27

(D) 81

(E) 54

56. Let C be the circle |z| = 1, oriented counterclockwise. What is

1 s . 1
i Cz sm(z) dz ?
(A) -1
B)0
O)1
(D)l
6
1
(E)—g

57. What is the value of

n—oo 1+x

1
n 1_
lim n2/ M=% 4o
0

(A)O
(B) 1

1
(©
(D)2

1
® 3
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Questions 58-60

58. Let C be the positively oriented boundary of the annulus 1 < x? + y? < 4; thus the outer circle is traversed
counterclockwise and the inner circle clockwise. What is

2y3 x3
———dx+ —dy|?
AR

®) 27

© "

@) 27

&) 7

59. LetV = M3(R) and define T : V — V by
T(X)=X"+ (trX)1s.

What is the determinant of T as a linear transformation of the 9-dimensional vector space V?
(A) -3
(B) -1
©4
(D) -4
(E)1

60. Let X, Y be independent standard normal random variables. What is the correlation coefficient between X2
and (X +Y)??

3
Y
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Questions 61-63

61. Functions x = x(¢) and y = y(¢) satisfy

dx dy
@ o) 29 -1 =0.
7 X+ 2y, I X+, x(0) , y(0)=0

What is x(In2)?

17
(A 7

9
B) 5
(©)4

15
) 7

5
(E) 5

62. The value of the improper integral
00 (e—x _ e—3x)2
[
0 X
is
(A)In -

(B)In=
(C)In2
(D) In=

(E)2In =

63. What is the largest integer k£ > 0 for which

k 4e - 100
3 d1v1des(50)?
(A)3
(B) 4
©2
(D)6
E)S
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Questions 64-66

64. Let X,Y be arbitrary nonempty sets and let f : X — Y. Which of the following conditions is, by itself,
equivalent to f being bijective?

I. f(X\A)=Y)\ f(A)forevery A C X.
I f'(f(A)) = Aforevery A C X.
II. f(f~'(B)) = Bforevery BCY.

(A) II only

(B) I, II, and III
(C) I only

(D) I only

(E) IT and IIT only

65. What is the surface area of the portion of the cone

z=\x2 +y?

that lies inside the vertical cylinder x> + y? < 2x?

(A)V2r
B)x
O 2n

(D) 2V2n
(E)4n

66. For exactly which real values of a does

3

2

— + ——:0
X ax +a 4

have two distinct real roots, both strictly between 0 and 1?

A)l<a<?2
B)0<ax<1
Ca>3

3
D)0 -
(D) <a<4

(E)Z<a<1
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Answer Key

Practice Test 03 — correct choices only.

Question Answer Question Answer Question Answer
1 C 23 E 45 D
2 D 24 D 46 B
3 B 25 D 47 E
4 B 26 E 48 E
5) D 27 D 49 A
6 D 28 C 50 A
7 E 29 C 51 C
8 D 30 B 52 D
9 A 31 C 53 A
10 E 32 A 54 E
11 A 33 D 55 B
12 C 34 E 56 E
13 C 35 B 57 E
14 B 36 A 58 A
15 A 37 C 59 D
16 D 38 D 60 C
17 E 39 C 61 A
18 C 40 A 62 B
19 A 41 B 63 B
20 C 42 B 64 C
21 B 43 E 65 A
22 A 44 B 66 E
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