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Questions 1–3

1. Find the coefficient of x3 in e2x log(1 + 4x).

(A) 40
3

(B) 64
3

(C) 52
3

(D) −40
3

(E) 80

2. For real t, let M(t) =

t − 15 5 0
0 t − 15 1
0 0 t − 15

. At t = 15, what is rank M(t)?

(A) 4
(B) 1
(C) 3
(D) 2
(E) 0

3. Evaluate
∫ 1

0
x3(log x)2 dx.

(A) −(−1)22!
43

(B) 8
(

(−1)22!
43

)

(C) 1
3

(
(−1)22!

43

)

(D) 4
(

(−1)22!
43

)

(E) (−1)22!
43
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Questions 4–6

4. A coin success probability p has uniform prior on [0, 1]. After observing 6 successes and 2 failures
in independent tosses conditional on p, what is the predictive probability of success on the next toss?

(A) 3
10

(B) 17
20

(C) 7
30

(D) 7
10

(E) 7
20

5. Let F = (4y3, z3, x3). Find (∇ × F)(1, 1, 1) · (0, 0, 1).

(A) −11
(B) −6
(C) −24
(D) −12
(E) 12

6. Let u = (3, 3)T and v = (1, 0)T . Find the squared norm of the orthogonal projection of v onto
span(u).

(A) 1

(B) 3
2

(C) 2

(D) 1
2

(E) 0
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Questions 7–9

7. Evaluate lim
x→0

(1 + 4x)1/(2x).

(A) e2

(B) 4
(C) e5

(D) e
1
2

(E) e16

8. A random variable has mean 0 and variance 6. What upper bound does the Chebyshev inequality
give for P (|X| ≥ 12)?

(A) 1
24

(B) 1
72

(C) 23
24

(D) 25
48

(E) 1
48

9. Evaluate
∫ log 2

0
ex(ex + 4)3 dx.

(A) −64 − 54

4
(B) 63 − 53

(C) 64

4

(D) 4
(

64 − 54

4

)

(E) 64 − 54

4
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Questions 10–12

10. An idempotent 21 × 21 real matrix P has rank 2. What is tr P?

(A) 1
(B) 3
(C) 0
(D) 4
(E) 2

11. Evaluate
∫ 1

0
x4(1 − x)2 dx.

(A) 1
3

(4! 2!
7!

)
(B) 4! 2!

7!
(C) 7

(4! 2!
7!

)
(D) 5

(4! 2!
7!

)
(E) 2

(4! 2!
7!

)

12. A box is chosen uniformly from two boxes. Box A contains 11 red and 13 blue balls; box B
contains 13 red and 11 blue balls. Two balls are drawn without replacement and both are red. What
is the conditional probability that A was chosen?

(A) 55
266

(B) 94
133

(C) 78
133

(D) 55
133

(E) 55
399
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Questions 13–15

13. Evaluate
∫∫∫

B 4(x2 + y2 + z2)3/2 dV , where B is the unit ball.

(A) 8π

3
(B) 16π

3
(C) −8π

3
(D) 1 + 8π

3
(E) 4π

3

14. For A =

1 0
0 1
1 0

 and b =

15
5
20

, let x minimize ∥Ax − b∥2. Find x2.

(A) 4
(B) 3
(C) 6
(D) 5
(E) 7

15. Solve y′′ − 11y′ + 28y = 0 with y(0) = 1, y′(0) = 0. Find y(1).

(A)
(
−7 + 4e3) e4

3
(B)

(
7 − 4e3) e4

3 + 1

(C)
(
7 − 4e3) e4

3
(D)

(
7 − 4e3) e4

6
(E) 2

(
7 − 4e3) e4

3
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Questions 16–18

16. Let X1, . . . , X11 be independent uniform random variables on [0, 1]. What is E[maxi Xi]?

(A) 11
12

(B) 1
12

(C) 11
24

(D) 23
24

(E) 11
36

17. Under x = u + 4v, y = u − 3v, what is the area of the image of 0 ≤ u, v ≤ 1?

(A) 1
7

(B) 7
(C) 49
(D) 12
(E) 1

18. What is the coefficient of x3 in (x + 3)5?

(A) 92
(B) 89
(C) 88
(D) 90
(E) 91
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Questions 19–21

19. Two solutions of y′′ + 4x1y′ + 3y = 0 have Wronskian W (0) = 1. Find W (1).

(A) e−2

(B) 2
e2

(C) − 1
e2

(D) e−2 + 1

(E) 1
2e2

20. Independent trials have success probability 1/11. Let T count trials up to and including the first
success. Find E[T ].

(A) 11
(B) 5
(C) 14
(D) 8
(E) 17

21. If y′′ + 9y = 0, y(0) = 4, and y′(0) = 5, find y(π/6).

(A) 10
3

(B) 5
3

(C) 5
6

(D) −5
3

(E) 8
3
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Questions 22–24

22. A matrix A satisfies (A − 16I)(A − 18I) = 0, and its minimal polynomial has degree two. If
A2 = uA + vI, find u.

(A) 35
(B) 34
(C) 36
(D) 32
(E) 33

23. Evaluate lim
x→0

e4x −
∑2

j=0(4x)j/j!
x3 .

(A) 1
4

(
43

3!

)

(B) 3
(

43

3!

)

(C) 43

3!
(D) −43

3!

(E) 6
(

43

3!

)

24. A continuous f : R → R satisfies f(q) = q6 for every rational q. Find f(2).

(A) 27

(B) 29

(C) 26

(D) 25

(E) 28
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Questions 25–27

25. Evaluate
∫

C(3x2 + 4y) dx + (4x + 3y2) dy, where C is the line segment from (0, 0) to (5, 1).

(A) −146
(B) 73
(C) 147
(D) 146
(E) 292

26. Let V =

1 15 225
1 17 289
1 20 400

. Find det V .

(A) 29
(B) 30
(C) 32
(D) 31
(E) 28

27. Find the upward flux of F = (0, 0, z) through z = 4x2 + 3y2, 0 ≤ x, y ≤ 1.

(A) 10
3

(B) −7
3

(C) 14
3

(D) 7
6

(E) 7
3
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Questions 28–30

28. Find the radius of convergence of
∑∞

k=1 k6xk/6k.

(A) 6
(B) 10
(C) 2
(D) 8
(E) 4

29. Find the coefficient of x6 in cos(4x)/(1 − 2x2).

(A) −6016

(B) −256
45

(C) −421
45

(D) −376
45

(E) 376
45

30. Let u = (1, 2, . . . , 21)T , v = (1, 1, . . . , 1)T , and B = I + uvT . Find det B.

(A) 230
(B) 234
(C) 232
(D) 233
(E) 231
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Questions 31–33

31. The region 0 ≤ x ≤ 1, 0 ≤ y ≤ 4x3 is revolved about the x-axis. Find its volume.

(A) 1 + 16π

7
(B) 16π

7
(C) 8π

7
(D) −16π

7
(E) 32π

7

32. On [0, 1], f is 6 on rationals and 1/6 on irrationals. Find its upper Darboux integral minus its
lower Darboux integral.

(A) 47
6

(B) 41
6

(C) 35
12

(D) 35
3

(E) 35
6

33. Near (0, 0), z = z(x, y) satisfies z + 4z2 = x + 3y and z(0, 0) = 0. Find zxy(0, 0).

(A) −12
(B) −8
(C) 24
(D) −3
(E) −24
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Questions 34–36

34. Let D be a diagonal 21 × 21 real matrix with distinct diagonal entries. What is the dimension of
the space of matrices X satisfying XD = DX?

(A) 21
(B) 20
(C) 23
(D) 19
(E) 22

35. Evaluate
∫ π/2

0
sin7 t cos9 t dt.

(A) 1
2

( 3! 4!
2 · 8!

)
(B) 2

( 3! 4!
2 · 8!

)
(C) 35

( 3! 4!
2 · 8!

)
(D) 8

( 3! 4!
2 · 8!

)
(E) 3! 4!

2 · 8!

36. A set with 6 elements has the discrete topology. How many of its subsets are simultaneously open
and closed?

(A) 26

(B) 25

(C) 28

(D) 29

(E) 27
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Questions 37–39

37. The solution of y′ = 4x3y2 has y(0) = 1/5. Find y(1).

(A) 5
4

(B) −1
4

(C) 1
8

(D) 1
2

(E) 1
4

38. What is the remainder when x2 + 1 is divided by x − 16?

(A) 258
(B) 256
(C) 257
(D) 259
(E) 255

39. For D = {(x, y) : x2 + y2 ≤ 4}, evaluate
∫∫

D
(x2 + y2)2 dA.

(A) 64π

(B) 64π

5
(C) 16π

3
(D) 64π

3
(E) 128π

3
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Questions 40–42

40. Let ζ = e2πi/8. Find
∑7

k=0 ζk.

(A) 3
(B) 1
(C) 2
(D) 0
(E) 4

41. Evaluate
∫ ∞

0
x3e−4x dx.

(A) 4
( 3!

44

)
(B) 1

4

( 3!
44

)
(C) 256

( 3!
44

)
(D) 1

3

( 3!
44

)
(E) 3!

44

42. Let P = diag(1, . . . , 1︸ ︷︷ ︸
2

, 0, . . . , 0︸ ︷︷ ︸
20

). What is the dimension of the space of 22 × 22 real matrices X

satisfying PX = X?

(A) 45
(B) 42
(C) 44
(D) 46
(E) 43
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Questions 43–45

43. Let f(x) = log(1 + 4x). Find f (3)(0).

(A) −(−1)22! 43

(B) 1
3
(
(−1)22! 43

)
(C) (−1)22! 43

(D) 1
4
(
(−1)22! 43

)
(E) 3

(
(−1)22! 43

)

44. An analytic function has real part u(x, y) = x2 − y2 + 6x and satisfies f(0) = 0. Find Im f(1 + i).

(A) 12
(B) 8
(C) 10
(D) 4
(E) 6

45. Let f(x, y) = x2 + 8xy + (19)y2. What is the product of the eigenvalues of the Hessian of f?

(A) 76
(B) 12
(C) 3
(D) 19
(E) 6
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Questions 46–48

46. How many group homomorphisms Z/120Z → Z/84Z are there?

(A) 10
(B) 12
(C) 14
(D) 11
(E) 13

47. Let f(x, y) = e4x+3y. Find ∂3f/∂x2∂y at (0, 0).

(A) 4
3
(
3 · 42

)
(B) 9

16
(
3 · 42

)
(C) 3 · 42

(D) 3
4
(
3 · 42

)
(E) 1

3
(
3 · 42

)

48. What is the coefficient of x2 in (1 + 2x)6?

(A) 40
(B) 20
(C) 80
(D) 60
(E) 100
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Questions 49–51

49. What is the maximum of x3y4 over x, y ≥ 0 subject to x + y = 1?

(A)
(3

7

)4 (4
7

)3

(B) 1
27

(C)
(3

7

)3 (4
7

)4

(D) 16807
576

((3
7

)3 (4
7

)4
)

(E) 7
((3

7

)3 (4
7

)4
)

50. How many 1-dimensional subspaces does F4
5 have?

(A) 54 − 1
5 − 1

(B) 53 − 1
5 − 1

(C) 57 − 1
5 − 1

(D) 56 − 1
5 − 1

(E) 55 − 1
5 − 1

51. For the curve x = t3, y = t4 + 4t, find d2y/dx2 at t = 1.

(A) 8
3

(B) −8
9

(C) −4
9

(D) 4
3

(E) −4
3
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Questions 52–54

52. How many edges does the complete bipartite graph K6,8 have?

(A) 16
(B) 80
(C) 48
(D) 64
(E) 32

53. Evaluate
∫∫∫

x2+y2+z2≤4
(x2 + y2 + z2)2 dV .

(A) 7
20

(
4π 4

7
2

7

)

(B) 1
3

(
4π 4

7
2

7

)

(C) 1
2

(
4π 4

7
2

7

)

(D) 7
(

4π 4
7
2

7

)

(E) 4π 4
7
2

7

54. How many monic irreducible polynomials of degree 2 are there over F5?

(A) 12
(B) 9
(C) 11
(D) 8
(E) 10
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7
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7

)
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2
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7
2

7

)
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(
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7
2

7
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Questions 55–57

55. For which positive integer m does
∞∑

j=2

(−1)j(x − 4)j

j
2
3 (log j)m

converge absolutely at x = 3? Give the least

such m, or 0 if none exists.

(A) 1
(B) 3
(C) 0
(D) 2
(E) 4

56. How many functions from a set of 11 elements onto a set of 3 elements exist?

(A) 311

(B) 311 − 211

(C) 311 − 3(211)
(D) 311 − 3(211) − 3
(E) 311 − 3(211) + 3

57. The function y(x) satisfies y3 + 4y = 2x and y(0) = 0. Find y′(0).

(A) 0

(B) −1
2

(C) 4

(D) 1
2

(E) 2
7
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Questions 58–60

58. How many elements z of F34 satisfy z3 = z?

(A) 4
(B) 2
(C) 3
(D) 1
(E) 5

59. For x > 0, x2y′′ + (1 − 7)xy′ + 12y = 0, y(1) = 0, y′(1) = 4. Find y(e).

(A) e4

7
(B) e3 + e4

(C) 4 (1 − e) e3

(D) −e3 + e4

(E) −4 (1 − e) e3

60. How many nonnegative integer triples (a, b, c) satisfy a + b + c = 11?

(A) 130
(B) 52
(C) 104
(D) 26
(E) 78
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Questions 61–63

61. For y′ = 4y(1−y/3), what is the derivative of the right-hand side with respect to y at the positive
equilibrium?

(A) −4
(B) −2
(C) 4
(D) −3
(E) −8

62. How many generators does the cyclic group of order 5 have?

(A) 2
(B) 4
(C) 6
(D) 5
(E) 3

63. For x > 0, xy′ = 4y and y(1) = 1. Find y(e3).

(A) 2e12

(B) e12

(C) 1 + e12

(D) −e12

(E) e12

2
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Questions 64–66

64. A tree has 15 vertices. What is the sum of its vertex degrees?

(A) 37
(B) 28
(C) 46
(D) 10
(E) 19

65. What is the radius of convergence about zero of
∞∑

j=1

(4j)!
(j!)4 x3j?

(A) 4−4

(B) 4− 4
3

(C) 4
4
3

(D) 4− 3
4

(E) 1
4

66. Let R = (Z/16Z)/([8]), where ([8]) is the ideal generated by [8]. How many elements does R
have?

(A) 8
(B) 7
(C) 9
(D) 10
(E) 6
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Answer Key
Practice Test 19 / Questions 1–66

Question Answer Question Answer Question Answer

1 A 23 C 45 B

2 D 24 C 46 B

3 E 25 D 47 C

4 D 26 B 48 D

5 D 27 E 49 C

6 D 28 A 50 A

7 A 29 D 51 C

8 A 30 C 52 C

9 E 31 B 53 E

10 E 32 E 54 E

11 B 33 E 55 C

12 D 34 A 56 E

13 A 35 E 57 D

14 D 36 A 58 C

15 C 37 E 59 E

16 A 38 C 60 E

17 B 39 D 61 A

18 D 40 D 62 B

19 A 41 E 63 B

20 A 42 C 64 B

21 B 43 C 65 B

22 B 44 B 66 A
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