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GRE MATHEMATICS | PRACTICE TEST 21 ADVANCED CHALLENGE

Questions 1–3

1. The solution of y′ = 5x6y3 has y(0) = 1/6. Find y(1).

(A)
√

14
22

(B) −
√

14
22

(C)
√

14
22 + 1

(D)
√

14
11

(E)
√

14
44

2. On P24, the real polynomials of degree at most 24, define T (p) = x2p′′ − 4xp′ + 6p. Find its rank.

(A) 22
(B) 23
(C) 21
(D) 25
(E) 24

3. Evaluate lim
x→0

e5x −
∑5

j=0(5x)j/j!
x6 .

(A) 56

6!

(B) 6
(

56

6!

)

(C) 720
(

56

6!

)

(D) 1
5

(
56

6!

)

(E) −56

6!
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Questions 4–6

4. A uniformly random subset of 8 objects is selected from a collection with 9 red and 10 blue objects.
If X is the number of red objects selected, find Var(X).

(A) 1162
361

(B) 440
361

(C) 880
361

(D) 220
361

(E) 801
361

5. Let F (x) =
∫ x

0 (x − t)5e5t dt. Find F (6)(0).

(A) 0

(B) 1
120

(C) 600
(D) 720
(E) 120

6. Subspaces U, V of R25 have dimensions 4 and 5. What is the smallest possible value of dim(U ∩V )?

(A) 2
(B) 3
(C) 0
(D) 1
(E) 4
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Questions 7–9

7. Under x = u + 5v, y = u − 6v, what is the area of the image of 0 ≤ u, v ≤ 1?

(A) 1
(B) 121

(C) 1
11

(D) 30
(E) 11

8. X, Y are independent Poisson variables with means 8 and 9. Given X+Y = 10, find Var(X | X+Y ).

(A) 1009
289

(B) 1298
289

(C) 360
289

(D) 1440
289

(E) 720
289

9. The region 0 ≤ x ≤ 1, 0 ≤ y ≤ 5x6 is revolved about the line x = −2. Find its volume.

(A) 115π

14
(B) 115π

28
(C) −115π

28
(D) 115π

56
(E) 1 + 115π

28
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Questions 10–12

10. Let V consist of real polynomials of degree at most 12 that have both value and first derivative
zero at 17, 18, and 20. Find dim V .

(A) 5
(B) 8
(C) 9
(D) 7
(E) 6

11. The local inverse y(x) of x = 5y + y3 satisfies y(0) = 0. Find y(7)(0).

(A) 5
(

−60480
510

)
(B) 1

5040

(
−60480

510

)
(C) −60480

510

(D) 60480
510

(E) 1
5

(
−60480

510

)

12. X, Y are independent, with variances 8 and 9. Find Cov(X + 2Y, 3X − Y ).

(A) 10
(B) 6
(C) 2
(D) 8
(E) 4
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Questions 13–15

13. What is the radius of convergence about zero of
∞∑

j=1

(5j)!
(j!)5 x6j?

(A) 5− 5
6

(B) 1
5

(C) 5− 6
5

(D) 5
5
6

(E) 5−5

14. The roots r, s of x2 − 23x + 102 = 0 are counted with multiplicity. Find r4 + s4.

(A) 234 − 4(102)(232) + 1022

(B) 234 − 4(102)(232)
(C) 234 + 2(1022)
(D) 234 − 4(102)(232) + 2(1022)
(E) 234 − 2(102)(232) + 2(1022)

15. Evaluate
∞∑

j=0

1
(5 + 6j)(11 + 6j) .

(A) 1
11

(B) 1
5

(C) 1
30

(D) 6
5

(E) 1
6
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Questions 16–18

16. X has density cx8 on 0 < x < 1 and zero elsewhere. Find E[X2].

(A) 9
11

(B) 2
11

(C) 3
11

(D) 9
22

(E) 10
11

17. If y′ = y(1 − y/6) and y(0) = 3, find y(− log 5).

(A) −1
(B) 1

(C) 1
2

(D) 0
(E) 2

18. For real t, let M(t) =

t − 17 6 0
0 t − 17 1
0 0 t − 17

. At t = 17, what is dim ker(M(t)2) −

dim ker M(t)?

(A) 2
(B) 3
(C) 0
(D) 4
(E) 1
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Questions 19–21

19. Find the coefficient of x6 in cos(5x)/(1 − 5x2).

(A) 11375
144

(B) −56875

(C) −11375
144

(D) −3125
144

(E) −11519
144

20. Independent exponential waiting times X, Y have rates 8 and 10. Find E[min(X, Y )].

(A) 19
36

(B) 17
18

(C) 1
36

(D) 1
18

(E) 1
54

21. Find the directional derivative of f(x, y, z) = x2y+6xz2 +5y2z at (1, 1, 1) in the direction (1, 2, 0).

(A) 1 + 6
√

5
(B) 6

√
5

(C) 12
√

5
(D) 3

√
5

(E) −6
√

5
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Questions 22–24

22. Let u = (4, 6)T and v = (1, 0)T . Find the squared distance from (4, 0)T to span(u).

(A) 301
26

(B) 131
13

(C) 157
13

(D) 144
13

(E) 275
26

23. If y′′ + 36y = 5 and y(0) = y′(0) = 0, find y(π/6).

(A) 5
18

(B) − 5
18

(C) 23
18

(D) 5
9

(E) 5
36

24. For which real a does fm(x) = max8(1 − x)m converge uniformly to zero on [0, 1]?

(A) a ≤ 8
(B) a < 8
(C) All real a

(D) a < 0
(E) a > 8
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Questions 25–27

25. A lamina occupies 0 ≤ x ≤ 1, 0 ≤ y ≤ 5x and has density ρ(x, y) = x4y. Find its centroid
coordinate x̄.

(A) 7
16

(B) −7
8

(C) 15
8

(D) 7
8

(E) 7
4

26. An idempotent 23 × 23 real matrix P has rank 5. What is det(I + P )?

(A) 30
(B) 33
(C) 34
(D) 32
(E) 31

27. Near (0, 0), z = z(x, y) satisfies z + 5z2 = x + 6y and z(0, 0) = 0. Find zxy(0, 0).

(A) −60
(B) −10
(C) −6
(D) −30
(E) 60
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Questions 28–30

28. For which real p does
∑∞

k=2 1/[k(log k)8p] converge?

(A) p < 1/8
(B) p ≥ 1/8
(C) p > 0
(D) p > 1/8
(E) All real p

29. Evaluate
∫ 1

0

∫ 1

x
5y6 dy dx.

(A) 5
2

(B) 5
6

(C) 5
7

(D) 5
56

(E) 5
8

30. For A =

1 0
1 1
1 2

 and b =

17
6
23

, let x minimize ∥Ax − b∥2. Find the minimum squared residual.

(A) 787
6

(B) 395
3

(C) 392
3

(D) 781
6

(E) 389
3
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Questions 31–33

31. Evaluate lim
x→0

sin(5x) −
∑4

j=0(−1)j(5x)2j+1/(2j + 1)!
x11 .

(A) 5
(

(−1)5511

11!

)

(B) −(−1)5511

11!

(C) 11
(

(−1)5511

11!

)

(D) 1
5

(
(−1)5511

11!

)

(E) (−1)5511

11!

32. How many accumulation points in R does S = {1/k : k ≥ 1} ∪ {8 + 1/k : k ≥ 1} have?

(A) 1
(B) 0
(C) 4
(D) 3
(E) 2

33. The solution of y′ = 5x5y2, y(0) = 1, has its first positive singularity at which x?

(A) 6
5

(B)
6√3 · 5

5
6

5

(C) 5
5
6

5

(D)
6√5 · 6

5
6

6

(E) 5
5
6 6√6
5
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Questions 34–36

34. What is the coefficient of x8 in (x + 4)8(1 − x)3?

(A) −2336
(B) −2335
(C) −2337
(D) −2333
(E) −2334

35. Find the coefficient of x4 in e5x log(1 + 5x).

(A) −625
4

(B) 5
(C) 0
(D) 1
(E) −1

36. How many connected components does R \ {1, 2, . . . , 8} have?

(A) 12
(B) 3
(C) 6
(D) 15
(E) 9
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Questions 37–39

37. Evaluate
∫ 1

0
x4(log x)5 dx.

(A) (−1)55!
56

(B) 625
24

(
(−1)55!

56

)

(C) 5
(

(−1)55!
56

)

(D) −(−1)55!
56

(E) 1
6

(
(−1)55!

56

)

38. A matrix A satisfies (A − 18I)(A − 20I) = 0, and its minimal polynomial has degree two. If
A5 = uA + vI, find u.

(A) 655215
(B) 655214
(C) 655217
(D) 655216
(E) 655218

39. What is the maximum of x6y5 over x, y ≥ 0 subject to x + y = 1?

(A)
( 6

11

)6 ( 5
11

)5

(B) 30
121

(C) 1
211

(D) 11
(( 6

11

)6 ( 5
11

)5
)

(E)
( 6

11

)5 ( 5
11

)6
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38. A matrix A satisfies (A − 18I)(A − 20I) = 0, and its minimal polynomial has degree two. If
A5 = uA + vI, find u.

(A) 655215
(B) 655214
(C) 655217
(D) 655216
(E) 655218

39. What is the maximum of x6y5 over x, y ≥ 0 subject to x + y = 1?

(A)
( 6

11

)6 ( 5
11

)5

(B) 30
121

(C) 1
211

(D) 11
(( 6

11

)6 ( 5
11

)5
)

(E)
( 6

11

)5 ( 5
11

)6
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Questions 40–42

40. Find the coefficient of z−1 in e3z/[z2(1 − z)] for 0 < |z| < 1.

(A) 5
(B) 3
(C) 2
(D) 4
(E) 6

41. Evaluate
∫

C(6x5 + 5y) dx + (5x + 6y5) dy, where C is r(t) = (t, 2t2), 0 ≤ t ≤ 1.

(A) 75
2

(B) 150
(C) 75
(D) −75
(E) 76

42. How many monic irreducible polynomials of degree 5 are there over F7?

(A) 3(75 − 7)
5

(B) 2(75 − 7)
5

(C) 2(75 − 7)

(D) 75 − 7
5

(E) 75 − 7
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Questions 43–45

43. Let F (x) =
∫ x6

0 e5t dt. Find F ′(1).

(A) 6e5

(B) e5

6
(C) e30

(D) e5

(E) 30e5

44. An entire function satisfies |f(z)| ≤ C(1 + |z|3) for some C > 0. What is the largest possible
degree of f?

(A) 4
(B) 5
(C) 1
(D) 3
(E) 2

45. Let C be x2/36 + y2 = 1, oriented counterclockwise. Evaluate
∫

C(−5y3

3 ) dx + (x3

3 ) dy.

(A) 123π

(B) −123π

2
(C) 123π

2
(D) 123π

4
(E) 1 + 123π

2
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Questions 46–48

46. How many elements z of F115 satisfy z121 = z?

(A) 12
(B) 10
(C) 13
(D) 9
(E) 11

47. For x > 0, x2y′′ + (−15)xy′ + 55y = 0, y(1) = 0, y′(1) = 1. Find y(e).

(A) −
(
1 − e6) e5

3
(B) −e5

6 + 1 + e11

6
(C)

(
1 − e6) e5

6
(D) −

(
1 − e6) e5

12
(E) −

(
1 − e6) e5

6

48. A connected planar graph has 11 vertices and 17 edges. How many faces, including the unbounded
face, are in a planar embedding?

(A) 12
(B) 8
(C) 6
(D) 4
(E) 10
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Questions 49–51

49. Let F = (5y6, z6, x6). Find (∇ × F)(1, 1, 1) · (1, 1, 2)/
√

6.

(A) −24
√

6
(B) 1 − 12

√
6

(C) −6
√

6
(D) −12

√
6

(E) 12
√

6

50. How many generators does the cyclic group of order 117649 have?

(A) 75(7 − 1)
(B) 74(7 − 1)
(C) 77(7 − 1)
(D) 76(7 − 1)
(E) 78(7 − 1)

51. If y′ = 10xy and y(0) = 1, find the coefficient of x12 in the Maclaurin series of y.

(A) 3269
144

(B) −3125
144

(C) 3125
144

(D) 3125
288

(E) 3125
72
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Questions 52–54

52. How many integers in {1, . . . , 48} are divisible by 2 or 3?

(A) 22
(B) 52
(C) 32
(D) 12
(E) 42

53. For T = {x, y, z ≥ 0 : x + y + z ≤ 1}, evaluate
∫∫∫

T
x5y5 dV .

(A) 6
(5! 5!

13!

)
(B) 13

(5! 5!
13!

)
(C) 5! 5!

13!
(D) 1

6

(5! 5!
13!

)
(E) 1

36

54. Let R = (Z/30Z)/([6]), where ([6]) is the ideal generated by [6]. How many units does R have?

(A) 0
(B) 2
(C) 3
(D) 4
(E) 1
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Questions 55–57

55. If y′′ − 10y′ + 25y = 6e5x and y(0) = y′(0) = 0, find y(1).

(A) 3e5

2
(B) 1 + 3e5

(C) 3e5

(D) 6e5

(E) −3e5

56. Let F0 = 0, F1 = 1, and Fk+2 = Fk+1 +Fk. How many binary strings of length 8 have no adjacent
1s?

(A) F9
(B) F11
(C) F12
(D) F8
(E) F10

57. Find the total outward flux of F = (5x6y, y6z, xz6) through the boundary of [0, 1]3.

(A) 7
2

(B) 9
2

(C) 7

(D) −7
2

(E) 7
4
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Questions 58–60

58. What is the largest integer k such that 3k divides 26!?

(A) 8
(B) 11
(C) 10
(D) 9
(E) 12

59. For f(x, y) = x2 + 5xy + 6y2, what is its maximum directional derivative at (1, −1)?

(A) 58
(B)

√
58

(C) −7
(D) −3
(E) 10

60. For Newton iteration on f(x) = x2 − 64 near the root r = 8, find limk→∞(xk+1 − r)/(xk − r)2 for
nonterminating convergent iterates.

(A) 1
16

(B) 17
32

(C) 1
32

(D) 15
16

(E) 1
48
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Questions 61–63

61. For x > 0, x2y′′ + (1 − 11)xy′ + 30y = 0, y(1) = 0, y′(1) = 5. Find y(e).

(A) e5

11
(B) −5 (1 − e) e5

(C) 5 (1 − e) e5

(D) −e6 + e5

(E) e5 + e6

62. In the ring Z/126Z, how many elements satisfy x2 = 1?

(A) 6
(B) 4
(C) 3
(D) 5
(E) 2

63. Evaluate
∫ 1

0

∫ x

0
x5y6 dy dx.

(A) 1
104

(B) 1
42

(C) 1
84

(D) 1
13

(E) 1
91
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Questions 64–66

64. Bisection starts with an interval of length 28. After 10 interval halvings, what is the maximum
distance from the final midpoint to a root remaining in the interval?

(A) 1
16

(B) 9
16

(C) 1
24

(D) 1
8

(E) 7
8

65. Evaluate
∫ π/2

0
sin13 t cos11 t dt.

(A) 6! 5!
2 · 12!

(B) 12
( 6! 5!

2 · 12!

)
(C) 1

2

( 6! 5!
2 · 12!

)
(D) 2

( 6! 5!
2 · 12!

)
(E) 462

( 6! 5!
2 · 12!

)

66. A permutation consists of disjoint cycles of lengths 5 and 3, together with a disjoint transposition
when the sum of these two lengths is odd. It fixes all other points. What is its order?

(A) 14
(B) 16
(C) 13
(D) 17
(E) 15
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Answer Key
Practice Test 21 / Questions 1–66

Question Answer Question Answer Question Answer

1 A 23 A 45 C

2 B 24 B 46 E

3 A 25 D 47 E

4 B 26 D 48 B

5 E 27 A 49 D

6 C 28 D 50 A

7 E 29 E 51 C

8 E 30 C 52 C

9 B 31 E 53 C

10 D 32 E 54 B

11 C 33 E 55 C

12 B 34 B 56 E

13 A 35 C 57 A

14 D 36 E 58 C

15 C 37 A 59 B

16 A 38 D 60 A

17 B 39 A 61 B

18 E 40 D 62 B

19 C 41 C 63 E

20 D 42 D 64 D

21 B 43 A 65 A

22 D 44 D 66 E
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