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GRE MATHEMATICS | PRACTICE TEST 41 ADVANCED CHALLENGE

Questions 1–3

1. For the curve x = t6, y = t7 + 9t, find d2y/dx2 at t = 1.

(A) −3
2

(B) 8
3

(C) 13
9

(D) −19
18

(E) −19
3

2. Linear maps T : R44 → R44 and U : R44 → R44 have ranks 4 and 4. What is the largest possible
rank of UT?

(A) 2
(B) 6
(C) 5
(D) 4
(E) 3

3. Evaluate
∞∑

j=0

1
(9 + 6j)(15 + 6j) .

(A) 1
54

(B) 1
6

(C) 2
3

(D) 1
15

(E) 1
9
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Questions 4–6

4. A random variable has mean 0 and variance 13. What upper bound does the Chebyshev inequality
give for P (|X| ≥ 26)?

(A) 1
52

(B) 51
52

(C) 1
156

(D) 1
104

(E) 53
104

5. Under x = u + 9v, y = u − 6v, what is the area of the image of 0 ≤ u, v ≤ 1?

(A) 54
(B) 225
(C) 3
(D) 15

(E) 1
15

6. Fix a nonzero vector u ∈ R43. What is the dimension of the space of skew-symmetric 43 × 43
matrices A satisfying Au = 0?

(A) 861
(B) 859
(C) 863
(D) 860
(E) 862
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Questions 7–9

7. Find the coefficient of x4 in e5x log(1 + 9x).

(A) −735

(B) −6561
4

(C) −744
(D) −17856
(E) 744

8. A box is chosen uniformly from two boxes. Box A contains 18 red and 20 blue balls; box B contains
20 red and 18 blue balls. Two balls are drawn without replacement and both are red. What is the
conditional probability that A was chosen?

(A) 153
343

(B) 248
343

(C) 153
686

(D) 190
343

(E) 51
343

9. Evaluate
∫ ∞

0
x6e−9x dx.

(A) 1
6

( 6!
97

)
(B) 9

( 6!
97

)
(C) 6!

97

(D) 1
9

( 6!
97

)
(E) 720
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Questions 10–12

10. Let A =

1 37 0
0 1 8
0 0 1

. What is the (1, 3) entry of A5?

(A) 2959
(B) 2958
(C) 2962
(D) 2961
(E) 2960

11. Evaluate
∫∫∫

B 9z2(x2 + y2 + z2)6 dV , where B is the unit ball.

(A) 6π

17
(B) 1 + 12π

17
(C) −12π

17
(D) 24π

17
(E) 12π

17

12. Let X1, . . . , X18 be independent uniform random variables on [0, 1]. What is E[(maxi Xi)2]?

(A) 3
10

(B) 1
10

(C) 9
10

(D) 9
20

(E) 19
20
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Questions 13–15

13. Find the directional derivative of f(x, y, z) = x2y+6xz2 +9y2z at (1, 1, 1) in the direction (1, 2, 0).

(A) −46
√

5
5

(B) 1 + 46
√

5
5

(C) 46
√

5
5

(D) 23
√

5
5

(E) 92
√

5
5

14. An invertible 43 × 43 matrix A has determinant 4. Find det(adj A).

(A) 284

(B) 284 · 3
(C) 285

(D) 284 · 5
(E) 283

15. Evaluate
∫

C(6x5 + 9y) dx + (9x + 6y5) dy, where C is r(t) = (t, 2t2), 0 ≤ t ≤ 1.

(A) 83
2

(B) 83
(C) 84
(D) 166
(E) −83
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Questions 16–18

16. Independent trials have success probability 1/18. Let T count trials up to and including the first
success. Find E[T 2].

(A) 630
(B) 210
(C) 840
(D) 1050
(E) 420

17. For F = (9x6y, y6z, xz6), find ∇ · F at (1, 2, 1).

(A) −306
(B) 306
(C) 307
(D) 612
(E) 153

18. On P44, the real polynomials of degree at most 44, define T (p) = x2p′′ − 12xp′ + 42p. Find its
rank.

(A) 44
(B) 43
(C) 42
(D) 45
(E) 41
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Questions 19–21

19. The solution of y′ = 9x5y2, y(0) = 1, has its first positive singularity at which x?

(A) 3
2
3

3

(B) 3
5
6

3
(C) 2

3

(D)
6√2 · 3

5
6

3

(E) 2
5
6 6√3
2

20. A uniformly random subset of 18 objects is selected from a collection with 19 red and 20 blue
objects. If X is the number of red objects selected, find Var(X).

(A) 589
169

(B) 840
169

(C) 758
169

(D) 210
169

(E) 420
169

21. If y′′ − 18y′ + 81y = 6e9x and y(0) = y′(0) = 0, find y(1).

(A) 3e9

2
(B) 3e9

(C) 6e9

(D) −3e9

(E) 1 + 3e9
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Questions 22–24

22. Subspaces U, V of R45 have dimensions 5 and 6. What is the smallest possible value of dim(U ∩V )?

(A) 4
(B) 1
(C) 0
(D) 3
(E) 2

23. Let f(x, y) = e9x+6y. Find ∂6f/∂x5∂y at (0, 0).

(A) 6 · 95

(B) 3
2
(
6 · 95

)
(C) 32

243
(
6 · 95

)
(D) 1

6
(
6 · 95

)
(E) 16

81
(
6 · 95

)

24. Which subset of R is compact, with 13 fixed as displayed?

(A) {0} ∪ {13/k : k ≥ 1}
(B) {13/k : k ≥ 1}
(C) Q ∩ [0, 13]
(D) (0, 13)
(E) 13Z
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Questions 25–27

25. For f(x) = x6e9x, find f (8)(0).

(A) 2
(

8! 92

2

)

(B) 1
20160

(
8! 92

2

)

(C) 2
9

(
8! 92

2

)

(D) 1
56

(
8! 92

2

)

(E) 8! 92

2

26. Let V consist of real polynomials of degree at most 10 that have both value and first derivative
zero at 37, 38, and 40. Find dim V .

(A) 5
(B) 6
(C) 3
(D) 7
(E) 4

27. Evaluate
∫ 1

0

∫ 1

x
9y6 dy dx.

(A) 9
7

(B) 9
2

(C) 9
56

(D) 3
2

(E) 9
8
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Questions 28–30

28. For ak = (−1)k + 13/k, find lim supk→∞ ak − lim infk→∞ ak.

(A) 3
(B) 0
(C) 2
(D) 4
(E) 1

29. Find the coefficient of x6 in the Taylor series of (1 − 9x)−2 at zero.

(A) 2
(
7 · 96

)
(B) 6

7
(
7 · 96

)
(C) 1

7
(
7 · 96

)
(D) 7 · 96

(E) 1
9
(
7 · 96

)

30. The roots r, s of x2 − 45x + 296 = 0 are counted with multiplicity. Find r4 + s4.

(A) 454 − 4(296)(452)
(B) 454 − 2(296)(452) + 2(2962)
(C) 454 + 2(2962)
(D) 454 − 4(296)(452) + 2962

(E) 454 − 4(296)(452) + 2(2962)
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Questions 31–33

31. Evaluate
∫ 1

0
x8(log x)5 dx.

(A) 9
(

(−1)55!
96

)

(B) −(−1)55!
96

(C) (−1)55!
96

(D) 1
6

(
(−1)55!

96

)

(E) 19683
40

(
(−1)55!

96

)

32. For which real a is f(x) = xa in L13(0, 1)?

(A) a ≥ −1/13
(B) a < 1/13
(C) All real a

(D) a > 0
(E) a > −1/13

33. Find the curvature of the helix r(t) = (9 cos t, 9 sin t, 6t).

(A) − 1
13

(B) 2
13

(C) 1
13

(D) 1
26

(E) 14
13
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Questions 34–36

34. For real t, let M(t) =

t − 37 8 0
0 t − 37 1
0 0 t − 37

. At t = 37, what is dim ker(M(t)2) −

dim ker M(t)?

(A) 4
(B) 3
(C) 2
(D) 1
(E) 0

35. The region 0 ≤ x ≤ 1, 0 ≤ y ≤ 9x6 is revolved about the line x = −2. Find its volume.

(A) 1 + 207π

28
(B) 207π

28
(C) 207π

56
(D) 207π

14
(E) −207π

28

36. T : R → R has Lipschitz constant at most 1/13. If x1 = T (x0) and |x1 − x0| ≤ 1, what is the
sharp upper bound on |T 3(x0) − x∗|, where x∗ is its fixed point?

(A) 1
6084

(B) 1
4056

(C) 2027
2028

(D) 2029
4056

(E) 1
2028
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Questions 37–39

37. If y′ + 9y = 6x6e−9x and y(0) = 2, find y(1).

(A) 40
7e9

(B) − 20
7e9

(C) 10
7e9

(D) 20
7e9 + 1

(E) 20
7e9

38. Let u = (8, 6)T and v = (1, 0)T . Find the squared distance from (8, 0)T to span(u).

(A) 1177
50

(B) 576
25

(C) 1127
50

(D) 551
25

(E) 601
25

39. Find the coefficient of x6 in cos(9x)/(1 − 5x2).

(A) 20699
80

(B) −186291

(C) −20699
80

(D) −59049
80

(E) −20779
80

Independent practice material | Not an official ETS test 14 / 24

GRE MATHEMATICS | PRACTICE TEST 41 ADVANCED CHALLENGE

Questions 37–39

37. If y′ + 9y = 6x6e−9x and y(0) = 2, find y(1).

(A) 40
7e9

(B) − 20
7e9

(C) 10
7e9

(D) 20
7e9 + 1

(E) 20
7e9

38. Let u = (8, 6)T and v = (1, 0)T . Find the squared distance from (8, 0)T to span(u).

(A) 1177
50

(B) 576
25

(C) 1127
50

(D) 551
25

(E) 601
25

39. Find the coefficient of x6 in cos(9x)/(1 − 5x2).

(A) 20699
80

(B) −186291

(C) −20699
80

(D) −59049
80

(E) −20779
80
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Questions 40–42

40. Find the coefficient of z−1 in e8z/[z2(1 − z)] for 0 < |z| < 1.

(A) 3
(B) 6
(C) 9
(D) 12
(E) 15

41. Evaluate
∫ log 2

0
ex(ex + 9)6 dx.

(A) −117 − 107

7
(B) 117 − 107

7
(C) 116 − 106

(D) 7
(

117 − 107

7

)

(E) 117

7

42. How many invertible 4 × 4 matrices over F19 are there with determinant 1?

(A) 194194194194

18
(B) (194 − 190)(194 − 191)(194 − 192)

18
(C) (194 − 190)(194 − 191)(194 − 192)(194 − 193)

18
(D) (194 − 191)(194 − 192)(194 − 193)(194 − 194)

18
(E) (194 − 190)(194 − 190)(194 − 190)(194 − 190)

18
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Questions 43–45

43. For x > 0, x2y′′ + (−23)xy′ + 135y = 0, y(1) = 0, y′(1) = 1. Find y(e).

(A) −
(
1 − e6) e9

3
(B) −e9

6 + 1 + e15

6
(C)

(
1 − e6) e9

6
(D) −

(
1 − e6) e9

6
(E) −

(
1 − e6) e9

12

44. An entire function satisfies |f(z)| ≤ C(1 + |z|8) for some C > 0. What is the largest possible
degree of f?

(A) 6
(B) 8
(C) 4
(D) 12
(E) 10

45. Let f(x, y) = x2 + 18xy + (87)y2. What is the product of the eigenvalues of the Hessian of f?

(A) 24
(B) 348
(C) 6
(D) 12
(E) 87
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Questions 46–48

46. How many permutations in S43 consist of one 5-cycle and 38 fixed points?

(A) 24 · 32 · 7 · 13 · 41 · 43
(B) 23 · 32 · 7 · 13 · 41 · 43
(C) 24 · 32 · 5 · 7 · 13 · 41 · 43
(D) 25 · 32 · 7 · 13 · 41 · 43
(E) 24 · 33 · 7 · 13 · 41 · 43

47. For f(x, y) = x2 + 9xy + 6y2, what is its maximum directional derivative at (1, −1)?

(A) 10
(B)

√
58

(C) 58
(D) −3
(E) −7

48. How many distinct unoriented cycles of length 4 are in K13,15?

(A) 10920
(B) 5460
(C) 8190
(D) 13650
(E) 2730
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Questions 49–51

49. If f(x, y) = log(x2 + y2), x = e9t cos(6t), and y = e9t sin(6t), find d2f/dt2 at t = 1.

(A) 324
(B) 12
(C) 234
(D) 0
(E) 18

50. How many maximal proper subgroups does the cyclic group of order 492 have?

(A) 3
(B) 4
(C) 5
(D) 1
(E) 2

51. For D = {(x, y) : x2 + y2 ≤ 9}, evaluate
∫∫

D
(x2 + y2)5 dA.

(A) 177147π

(B) 531441π

(C) 531441π

11
(D) 19683π

2
(E) 177147π

2
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Questions 52–54

52. How many functions from a set of 18 elements onto a set of 3 elements exist?

(A) 318 − 3(218)
(B) 318 − 218

(C) 318 − 3(218) + 3
(D) 318 − 3(218) − 3
(E) 318

53. Near (0, 0), z = z(x, y) satisfies z + 9z2 = x + 6y and z(0, 0) = 0. Find zxy(0, 0).

(A) −18
(B) −108
(C) −6
(D) −54
(E) 108

54. How many residues x modulo 60 satisfy 2x ≡ 14 (mod 60) and 2x ≡ 0 (mod 60)?

(A) 4
(B) 1
(C) 2
(D) 0
(E) 3
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Questions 55–57

55. If y′ = 18xy and y(0) = 1, find the coefficient of x12 in the Maclaurin series of y.

(A) 59049
160

(B) 59049
40

(C) −59049
80

(D) 59049
80

(E) 59129
80

56. How many nonnegative integer triples sum to 36, if each coordinate is at most 18?

(A) 253
(B) 190
(C) 316
(D) 64
(E) 127

57. What is the radius of convergence about zero of
∞∑

j=1

(9j)!
(j!)9 x6j?

(A) 3
(
9− 3

2
)

(B) 9−9

(C) 9− 2
3

(D) 9− 3
2

(E) 9
3
2
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Questions 58–60

58. The field K has 119 elements. Find the largest possible multiplicative order of a nonzero element
of K.

(A) 118 − 1
(B) 119

(C) 119 + 1
(D) 1110 − 1
(E) 119 − 1

59. Two solutions of y′′ + 9x6y′ + 6y = 0 have Wronskian W (0) = 1. Find W (1).

(A) e− 9
7 + 1

(B) 1
2e

9
7

(C) − 1
e

9
7

(D) e− 9
7

(E) 2
e

9
7

60. A tree has 18 vertices of degree 3; every other vertex has degree 1. How many leaves does it have?

(A) 26
(B) 32
(C) 8
(D) 14
(E) 20
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Questions 61–63

61. What is the maximum of x6y9 over x, y ≥ 0 subject to x + y = 1?

(A) 6
25

(B)
( 6

15

)6 ( 9
15

)9

(C) 15
(( 6

15

)6 ( 9
15

)9
)

(D) 1
215

(E)
( 6

15

)9 ( 9
15

)6

62. Let G = Z/252Z × Z/172Z. Find the order of G/H, where H = {g ∈ G : 4g = 0}.

(A) 2710
(B) 2709
(C) 2708
(D) 2711
(E) 2707

63. Evaluate lim
x→0

(1 + 9x)1/(5x) − e9/5

x
.

(A) −81e
9
5

10

(B) 81e
9
5

10
(C) e

9
5

(D) −9e
9
5

10

(E) −81e
9
5

5
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Questions 64–66

64. A connected planar graph has 21 vertices and 37 edges. How many faces, including the unbounded
face, are in a planar embedding?

(A) 30
(B) 24
(C) 18
(D) 6
(E) 12

65. Let C be the unit circle x2 + y2 = 1, z = 6, counterclockwise viewed from above. Evaluate∫
C −9y

(
x2 + y2)5 dx + (9x

(
x2 + y2)5) dy + 2z dz.

(A) 1 + 18π

(B) 9π

(C) 36π

(D) 18π

(E) −18π

66. How many group homomorphisms Z/252Z → Z/172Z have image of order 4?

(A) 0
(B) 4
(C) 1
(D) 3
(E) 2
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Answer Key
Practice Test 41 / Questions 1–66

Question Answer Question Answer Question Answer

1 D 23 A 45 A

2 D 24 A 46 A

3 A 25 E 47 B

4 A 26 A 48 C

5 D 27 E 49 D

6 A 28 C 50 A

7 C 29 D 51 E

8 A 30 E 52 C

9 C 31 C 53 B

10 E 32 E 54 D

11 E 33 C 55 D

12 C 34 D 56 B

13 C 35 B 57 D

14 A 36 E 58 E

15 B 37 E 59 D

16 A 38 B 60 E

17 B 39 C 61 B

18 B 40 C 62 B

19 D 41 B 63 A

20 E 42 C 64 C

21 B 43 D 65 D

22 C 44 B 66 E
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